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Abstract: In this paper, we define the holographic multipartite entanglement entropy
for N separated subsystems living in a compact CFTd space-time. In a large N limit, we
find that the first-order holographic entanglement entropy perturbation is proportional to
the change in the length of the subsystem and it has symmetric (Gaussian) distribution
property. From that finding, we propose to construct two-point correlation functions of
holographic entanglement entropy fluctuations analogous to the one that is used in the cos-
mic microwave background (CMB) temperature fluctuations analysis. Using the first law
of thermodynamics, we may correlate tiny changes in entanglement entropy with the tem-
perature fluctuations. By comparing with Planck 2018 CMB data from j = 2 to j = 2499
where j denotes the multipole moment, we extract the distribution of the entangling region
size that corresponds to the temperature fluctuations. Since the distribution of the entan-
gling region size can be interpreted as the CMB temperature fluctuations, we conclude that
entanglement might play a role in the quantum aspects of cosmology.
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1 Introduction
In the era of quantum information theory, entanglement is one of the most important
phenomena that no classical counterparts could explain, namely, it only appears in the
quantum world. Information contained in an entangled state vector |ψ〉 may be extracted
from an entanglement measure, or a measure of how entangled a state |ψ〉 is. The latter
gives rise to the definition of von Neumann entropy as the entanglement entropy that is
used in this work to extract the information from an entangled state |ψ〉.
Nowadays, the AdS/CFT correspondence is one of the fastest-growing subjects in the-
oretical physics [1]. It gives a remarkable geometrical method for calculating entanglement
entropy using the Ryu-Takayanagi area law or commonly called the holographic entan-
glement entropy [2, 3]. This area law is analogous to the black hole entropy that scales
as its horizon area. Furthermore, the extension of holographic entanglement entropy for
covariant description has been widely discussed in [4–6].
Other holographic entanglement measures such as the holographic entanglement of
purification [7] and its multipartite counterpart [8] have also been discussed. Besides its
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practicality, there are myriad benefits from the holographic entanglement entropy such as
investigating quantum entanglement in inflationary cosmology [9], using entanglement to
build space-time [10], calculating the scrambling time for BTZ black holes [11, 12], and
many more. Other applications of quantum information in cosmological physics can be
seen in [13, 14].
Despite various topics in applying the holographic entanglement entropy to cosmology,
analysis of homogeneity, inhomogeneity, and anisotropy of the Universe from the cosmic
microwave background (CMB) sky using this prescription is still lacking. However, there
are several works that investigate entangled states in CMB sky such as in [15], while the
analysis of CMB anisotropy and non-Gaussianity using entropy method are already been
discussed in [16, 17]. The latter shows that Wehrl entropy can be used in CMB analysis.
Although the two are different, both Wehrl and von Neumann entropy can be considered
as a measure of how a state deviates from a classical prescription, i.e. they measure how
”quantum” a state is. This gives us a hint to use the entanglement entropy to analyze
CMB anisotropy.
Analyzing physical cosmology using quantum mechanics is interesting since, for a long
time, scientists always wish to figure out the quantum properties of the early Universe
on a large scale. The theory of inflation plays an essential role in investigating the early
Universe [18]. On the other hand, it is believed that the early Universe shall express
quantum mechanical properties as well. For example, quantum fluctuations in primordial
Universe has been widely suggested as a perturbation of quantum field in a cosmological
background (see [19, 20] and references therein). Furthermore, primordial fluctuations can
also be used to analyze the non-Gaussian features of cosmology [21]. Another conceptual
problem in cosmology is how the primordial quantum fluctuations in the early Universe
undergo quantum-to-classical transition such that it appears classical to us [22].
In this work, we propose how investigations of holographic entanglement entropy fluctu-
ations can be used to analyze homogeneity, inhomogeneity, and anisotropy of the Universe,
especially for CMB sky observation, using two-point correlation functions. We suggest
that the information about homogeneity, inhomogeneity and anisotropy of the Universe
may be extracted from initially-entangled quantum states via its entanglement measure,
i.e. its von Neumann entropy. Moreover, this information-storing entangled states might
be the quantum memory pattern suggested by Gia Dvali [23–25]. In relating entropy with
temperature, the theory of thermodynamics should play an important role in this work.
Quantum field theory is of particular interest in the study of entanglement entropy
in many-body systems, both in ground and low-energy excited states. As the quantum
field possesses an infinite number of degrees of freedom, its vacuum is highly entangled.
The entanglement temperature rising from the holographic entanglement is related to the
usual thermal energy in low-energy gapless CFT systems [26, 27]. There are vast research
literature studying the thermodynamics aspects of entanglement from entropy perturba-
tion, such as [28–33] (for the extended entanglement thermodynamics, see [34]). In the
AdS/CFT correspondence language, perturbing the entropy means adding the pure AdS
geometry with small metric perturbation. Since the entanglement entropy shares similar
properties with the thermodynamical counterpart, such as the positivity of the relative
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entropy, many suggest [28–34] that entanglement obeys similar laws with the ones in ther-
modynamics. The first law is analogous to the TdS equation and it is widely discussed
that the change of entanglement entropy may correspond to the change of modular Hamil-
tonian [33, 35]. In this work, we use the analog of TdS equation to match the change of
entanglement entropy with temperature fluctuation and use is to analyze the CMB sky.
The structure of this work is as follows. We begin the work in Sec. 2 by studying
a highly-entangled quantum memory state that is scrambled by a phenomena called the
holographic jumps. The definition of entanglement entropy for a particular isolated sub-
system with respect to the rest and its extension to define the multipartite entanglement
entropy is discussed in Sec. 3 along with some holographic calculations for AdS3/CFT2
circular disk and AdSd+1/CFTd straight belt systems. In Sec. 4, the use of the holographic
multipartite entanglement entropy for spherical symmetric two-point correlation functions
for the entropy fluctuations is discussed while the extension for CMB anisotropy analysis
is investigated in Sec. 5 along with the interpretation to the observed Planck 2018 CMB
data. To sum up, we provide some conclusions and further discussions for this work in Sec.
6.
2 Entangled Patterns of Quantum Memories
We begin this work by studying a highly entangled quantum states and its origin. This
section is a review based on the idea of quantum memory pattern suggested by Gia Dvali
[23–25]. It is shown in [23], that the Universe might have a primordial memory pattern
which is stored in a de Sitter quantum state. A large number of information is stored in a
Fock space,
|ψ〉 = |pattern〉 = |ψ1ψ2, ..., ψN 〉, (2.1)
that is defined as the memory space, where N ∈ N is some large number.
This pattern is an eigenstate of a Hamiltonian that is consisted of number operators
aˆ†kaˆk,
Hˆ =
∑
k
Ekaˆ†kaˆk, (2.2)
where {Ek} are the energy modes, {aˆk, aˆ†k} are the annihilation and creation operators, and
k = 1, 2, ..., N . As mentioned in [23], there is a critical point, N0, that when 〈aˆ†0aˆ0〉 = N0,
the energy gap Ek becomes zero; this is called the gapless mode. Following this assumption,
the Hamiltonian is now can be written in the form of
Hˆ =
∑
k 6=0
εk
(
1− aˆ
†
0aˆ0
N0
)
aˆ†kaˆk + ε0aˆ
†
0aˆ0. (2.3)
An existence of the first term indicates that the Hamiltonian has an enhanced memory
capacity [23, 25] (see also [36]) since in the critical point, the energy gap becomes zero
and an enormous amount of information can be excited into a quantum memory pattern,
such as in Eq. (2.1), without providing any energy as a cost. This is called the assisted
gaplessness since the zero mode aˆ†0aˆ0, as the master mode, determines the gaplessness of
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the Hamiltonian [23]. One may recognize that if 〈aˆ†0aˆ0〉 deviates from N0, the energy gap
also moves away from gaplessness and hence it is more difficult to store information in
the excited states. This phenomenon is known as the memory burden effect and in some
literatures (such as in [25]), this explains how a quantum memory pattern is prevented to
decay and gets stabilized.
There are possibilities that some other critical number, N ′0 6= N0, which present a
gaplessness in the Hamiltonian exist. Moreover, even though the state is kept by its own
memory burden, there is a non-zero probability for the state to decay into some other
modes, say bˆk, that is commutes with all aˆk modes, until 〈aˆ†0aˆ0〉 reaches another critical
point N ′0. It is possible because it can be assumed that this happens right after the ’graceful
exit’ described in [23] and the process produces an entangled memory state. This particular
event is then investigated as the holographic jumps [25] that deserve further discussions.
2.1 The Holographic Jumps
Suppose that now the modes aˆk may decay into other external modes bˆk that are commute
with all aˆk modes. The external modes bˆk does not necessarily to be an enhanced memory
capacity. The Hamiltonian is then provides an extra interaction terms between aˆk and bˆk,
and hence can be written as
Hˆ =
∑
k 6=0
εk
(
1− aˆ
†
0aˆ0
N0
)
aˆ†kaˆk + ε0aˆ
†
0aˆ0 (2.4)
+
∑
k
εk bˆ
†
k bˆk +
1
2N0
ε0(aˆ
†
0bˆ0 + bˆ
†
0aˆ0) + ... ,
where we ignore all higher-mode interaction terms since we only need the mode bˆ0 as a
reservoir. The coupling constant is normalized to 12N0 for convenience following [23]. One
may see that the factor 12N0 determines the decay probability amplitude. If N0 is very
large, then the decay will be less likely to happen (but not zero) since the crossing term
between aˆ0 and bˆ0 is heavily suppressed. In primordial de Sitter era point of view [23],
both N and N0 represent the same quantity, i.e. the Gibbons-Hawking entropy [37], and
it is taken to be a large number1 that determines the quantum break-time of de Sitter [38].
This limit is also important in our work and will be discussed more in Sec. 3.
The Hamiltonian in the form of Eq. (2.4) does not have any gapless mode other than
N0. If we want to introduce another gapless mode, for example N
′
0 = N0 − ∆N0, the
Hamiltonian is then written as
Hˆ =
∑
k∈k1
εk
(
1− aˆ
†
0aˆ0
N0
)
aˆ†kaˆk +
∑
k∈k2
εk
(
1− aˆ
†
0aˆ0
N0 −∆N0
)
aˆ†kaˆk + ε0aˆ
†
0aˆ0 (2.5)
+
∑
k
εk bˆ
†
k bˆk +
1
2N0
ε0(aˆ
†
0bˆ0 + bˆ
†
0aˆ0) + ... .
1This also follows from [24] in the double-scaling limit prescription. On the other hand, N →∞ is also
known as the semi-classical limit [38, 39].
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This Hamiltonian is defined such then k1 be the first gapless modes where k2 be the second.
If at initial stage all the pattern is stored in k1 mode while the zero mode fully consists of
N0,
|in〉 = |N0〉a0 ⊗ |0〉b0 ⊗ |pattern〉k1 ⊗ |0〉k2 , (2.6)
after the decay process reaches ∆N0 in bˆ0 mode, we will have a final state that can be
written as
|out〉 = |N0 −∆N0〉a0 ⊗ |∆N0〉b0 ⊗ |0〉k1 ⊗ |pattern′〉k2 . (2.7)
It is important to notice that |in〉 → |out〉 process rises possibilities for the pattern
state in k1 be completely rewritten into a new quantum memory of k2 since zero energy is
needed in order to excite the information into k2 modes after the decay reaches ∆N0 in bˆ0
state. Now, all of the information is stored in the new memory-storing pattern, |pattern′〉k2 .
This process is called the holographic jumps [25]. The term ”holographic” is used in the
literature since it is shown in [24, 25] that the microstate entropy of such pattern follows
the area-law. However, the latter mentioned entropy is not an entanglement entropy and
hence we are not discussing them further.
The difference between |pattern〉k1 and |pattern′〉k2 will be discussed hereafter. From
investigations in [25], the rewriting process scrambles the memory space and hence the
state |pattern′〉k2 becomes highly entangled, or it can be written as
|pattern′〉k2 =
∑
ψ1...ψN
Cψ1,...,ψN |ψ1, ..., ψN 〉, (2.8)
where Cψ1,...,ψN is some coefficients that determine how entangled the state |pattern′〉k2 is.
This procedure will be important for the main purpose of this work since we investigate a
highly-entangled quantum memory state. In general, there might be more than two gapless
modes. For instance, the jumps might occur several times until it finally reaches certain
point, say ke, with e > 2. The exact number of e is not really important since what we
need is an entangled memory state, and the entanglement measure is later computed by
the von Neumann entropy.
There are several aspects of this process that are worth mentioning such as the time
needed to rewrite all of the memory pattern into the new one and other Hamiltonian
possibilities. The former gives rise to further investigation of a time evolution functions
of |in〉 → |out〉 process. These functions can be obtained by time-evolving |in〉 state with
Hamiltonian in Eq. (2.5). The other form of Hamiltonian that might be possible is
Hˆ =
∑
k 6=0
εk
(
1− aˆ
†
0aˆ0
N0
)m
aˆ†kaˆk + ε0aˆ
†
0aˆ0 + ... , (2.9)
for some positive integer m that corresponds to the memory burden [23]. However, those
aspects do not yet need further investigations in this work.
3 Holographic Multipartite Entanglement Entropy
Before we dig deeper into the main aspect of this paper, we would like to review the compu-
tation of entanglement entropy along with its holographic duals and expand them to define
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the multipartite entanglement entropy for the purposes of this work. Moreover, behavior of
the entanglement entropy due to small area perturbation for AdS3/CFT2 circular system
and AdSd+1/CFTd straight belt system are also investigated.
3.1 Definition of Multipartite Entanglement Entropy
Let L =
⋃N
i=1A
(j)
i be a (d-1)-dimensional spatial region in a constant time-slice of a CFTd
that consists of N ∈ N number of causally disconnected regions A(j)1 , ..., A(j)N for some
integer j and each A
(j)
i , i = 1, ..., N , belongs to some Hilbert space HA(j)i with a quantum
state vector |ψi〉(j). The need for an index j will be clear after discussing the analysis of a
spherically symmetric two-point correlation function.
Now let |ψ〉(j) be an entangled state that is defined by
|ψ〉(j) =
∑
ψ1...ψN
Cψ1,...,ψN |ψ1〉(j) ⊗ ...⊗ |ψN 〉(j) ≡
∑
ψ1...ψN
Cψ1,...,ψN |ψ1, ..., ψN 〉(j), (3.1)
where Cψ1,...,ψN is some coefficients which play a role in determining how entangled a state
|ψ〉(j) is2. We may assume that |ψ〉(j) is in a ground state and N is a large number. From
that, we are able to construct a pure density matrix ρ
A
(j)
1 ...A
(j)
N
≡ |ψ〉(j)(j)〈ψ| =: ρ(j) and
a reduced one ρ
A
(j)
i
≡ Tr
A
(j)c
i
ρ(j) where A
(j)c
i is the complement of A
(j)
i . The region A
(j)
i
is said to be entangled with respect to the rest if ρ
A
(j)
i
is mixed. In this work, we use the
entanglement entropy, i.e. von Neumann entropy, defined by
S
A
(j)
i
= −Trρ
A
(j)
i
log ρ
A
(j)
i
, (3.2)
for the entanglement measure, or the measure of how mixed a density matrix ρ
A
(j)
i
is.
The multipartite entanglement entropy for a state |ψ〉(j) is defined as
M (j) =
N∑
i=1
S
A
(j)
i
. (3.3)
This definition comes from the multipartite entanglement of purification in [8],
∆P (A
(j)
1 : ... : A
(j)
N ) =
N∑
i=1
S
A
(j)
i
− S
A
(j)
1 ...A
(j)
N
, (3.4)
with ρ
A
(j)
1 ...A
(j)
N
is taken to be pure, i.e. S
A
(j)
1 ...A
(j)
N
= 0 and therefore no purification is
needed. Even though it is called the multipartite entanglement entropy, it still measures
the sum of usual entanglement entropy for a bipartite system since it traces out all other
spaces except one, for instance, A
(j)
i . Nevertheless, this definition is valuable for advance
investigation done in this paper. The definition of multipartite entanglement entropy in
Eq. (3.3) also comes from [40], related to the mutual information.
Explicit calculation of the entanglement entropy for a certain system is ordinarily
complicated in quantum field theory language [41, 42]. Fortunately, there is a holographic
method proposed by Ryu and Takayanagi [2, 3] that calculates the entanglement entropy
geometrically using the AdS/CFT correspondence.
2 Notice that |ψ〉(j) is the highly-entangled quantum memory pattern that is defined in Sec. 1.
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3.2 Holographic Multipartite Entanglement Entropy
In holographic point of view, using Ryu-Takayanagi area law [2, 3], the entanglement en-
tropy can be computed by calculating its minimum entangling surface in the bulk. Consider
a d-dimensional quantum field theory (CFTd) in the boundary of a (d+1)-dimensional Anti
de Sitter space-time (AdSd+1) and all regions A
(j)
1 , ..., A
(j)
N live in a constant time slice of
a CFTd space-time. Suppose that the region A
(j)
i is separated with the rest by a horizon
as the boundary ∂A
(j)
i . Hence, there exist some region in the bulk associated with A
(j)
i ,
denoted by Γ
A
(j)
i
, that satisfies
∂Γ
A
(j)
i
= ∂A
(j)
i . (3.5)
A region that minimizes the area of Γ
A
(j)
i
is defined as Γmin
A
(j)
i
and hence its corresponding
spatial (d-1)-dimensional area in AdSd+1 can be written as Area(Γ
min
A
(j)
i
). As a result, the
holographic entanglement entropy can be written as
S
A
(j)
i
=
Area(Γmin
A
(j)
i
)
4G
(d+1)
N
, (3.6)
where G
(d+1)
N is the Newton’s gravitational constant in (d+1) dimension. Following this
relation, we can write the holographic dual of the multipartite entanglement entropy, or
HMEE for short, as
M (j) =
N∑
i=1
Area(Γmin
A
(j)
i
)
4G
(d+1)
N
. (3.7)
For further purposes in this work, we would like to redefine the multipartite entan-
glement entropy as follows. In the monopole case with j = 0, M (0) shall represents a
homogeneous mode with a uniform entanglement entropy distribution and hence we pro-
pose that in this case, all areas are equal, i.e. Area(A
(0)
1 ) = Area(A
(0)
2 ) = ... = Area(A
(0)
N ) ≡
Area(A
(0)
0 )
3. Henceforth, the multipartite entanglement entropy can be written as
M (0) = NS
A
(0)
0
≡ N
Area(Γmin
A
(0)
0
)
4G
(d+1)
N
. (3.8)
In the dipole case with j = 1, there should be three, i.e. 2j + 1 with j = 1, different
areas; Area(A
(1)
−1),Area(A
(1)
0 ),Area(A
(1)
1 ) and there are N/3 regions with each area. Hence,
the multipartite entanglement entropy can be written as
M (1) =
N
3
S
A
(1)
−1
+
N
3
S
A
(1)
0
+
N
3
S
A
(1)
1
. (3.9)
Furthermore, we can extend to the quadrupole and even higher j cases until we have
2j + 1 different areas. Following those relations, we can generically define the multipartite
3the term area in Area(A
(j)
i ) can be misleading since in CFTd point of view, Area(A
(j)
i ) is actually a
spatial volume of a region A
(j)
i . However, we want to make clear that Area(A
(j)
i ) is the (d-1)-dimensional
area in the boundary of AdSd+1 space-time.
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Figure 1. Those images present the model realization in AdS3/CFT2 circular system in a constant
time slice. AdS3 is described by the whole disk while the CFT2 is its boundary depicted by the
circumference. Minimized regions are the red curved lines, defined as Γ
A
(j)
i
. A system in the left
figure is the homogeneous mode with j = 0 while the right one describes multipole mode with
j = N . Both systems have equal circumference, L, even though the subsystems’ area change.
What important is, both system still have equal number of subsystems, which is N .
entanglement entropy as
M (j) =
N
2j + 1
j∑
m=−j
S
A
(j)
m
=
N
2j + 1
j∑
m=−j
Area(Γmin
A
(j)
m
)
4G
(d+1)
N
. (3.10)
As a result, in the limit limj→0M (j) = NSA(0)0
, it reduces to the homogeneous case while
in the limit limj→N M (j) '
∑N
m=1 SA(N)m
, it becomes the original definition of multipartite
entanglement entropy. In other words, N can be interpreted as the maximum number for
j as a cutoff, or N = 2jmax + 1 for some large integer jmax.
Since ρ
A
(j)
1 ...A
(j)
N
is needed to be pure, a boundary condition
N
2j + 1
j∑
m=−j
Area(A(j)m ) = Area(L) = NArea(A
(0)
0 ), (3.11)
needs to be satisfied. It can be seen that L ≡ ⋃jmaxm=−jmax A(j)m and SL = SA(j)1 ...A(j)N = 0 for
all j. Area(L) can be interpreted as the total area of a compact CFTd. This condition can
easily be understood using a geometric prescription, such as in Fig. 1, and somehow can
be interpreted as normalization condition. In general, L can be different for each j, i.e.
L ≡ L(j). However in this work, we demand that L is identical for all j.4
4To avoid confusion, throughout this paper, j is used to define the angular moment index with j ' pi
θ
like in the usual CMB analysis. On the other hand, l is used to define the size of the entangling surface
area; in this case, it is denoted as l
(j)
i .
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3.3 Compact Circular System in AdS3/CFT2
In this section, some explicit calculations for the HMEE in a 2-dimensional circular system
of CFT2 with circumference L are shown (The correct notation for the circumference
should be Area(L) but in this section we will write L to make it short). Let A
(j)
i := {x|x ∈
[a
(j)
i , b
(j)
i ]}, i = 1, ..., N be one of the subsystems for some integer j in a constant time-slice
of a CFT2 which lives in the boundary of AdS3. We have b
(j)
i = a
(j)
i+1, b
(j)
N = a
(j)
1 and in
polar coordinate, 0 ≤ θ ≤ 2piL .
Entanglement entropy for subsystem A
(j)
i with respect to the rest is given by [2, 3]
S
A
(j)
i
=
c
3
log
(
L
pi
sin
(
pil
(j)
i
L
))
, (3.12)
where c is a central charge for CFT2, → 0 is a UV cutoff and l(j)i ≡ b(j)i −a(j)i =: Area(A(j)i ).
The central charge can be interchanged with an AdS3 radius R via c =
3R
2G
(3)
N
[2, 3] to switch
between CFT2 calculation and its holographic dual. Furthermore, the boundary condition
in Eq. (3.11) implies that
N
2j + 1
j∑
m=−j
l(j)m = L →
1
2j + 1
j∑
m=−j
δl(j)m = 0, (3.13)
where δl
(j)
m is the change of every Area(A
(j)
m ).
In monopole or homogeneous mode with j = 0, we only have one area,
Area(A
(0)
0 ) = l
(0)
0 = L/N, (3.14)
and therefore the HMEE is given by
M (0) =
Nc
3
log
(
L
pi
sin
(
pil
(0)
0
L
))
=
Nc
3
log
(
L
pi
sin
(
pi
N
))
. (3.15)
If N is assumed to be very large, then this reduces to
M (0) ' Nc
3
log
(
l
(0)
0

)
=
Nc
3
log
(
L
N
)
. (3.16)
This is equal to the entanglement entropy for an infinite 1-dimensional system, such as in
Fig. 2. This approximation is useful in this paper since, in this limit, we can easily extend
it into a d-dimensional system in CFTd space-time which will be discussed further in the
next chapter.
For the dipole case with j = 1, we have l
(1)
−1, l
(1)
0 , l
(1)
1 which satisfy
l
(1)
−1 + l
(1)
0 + l
(1)
1 =
3L
N
. (3.17)
For example, suppose that
l
(1)
0 =
L
N
, (3.18)
l
(1)
−1 =
L−∆L
N
, (3.19)
l
(1)
1 =
L+ ∆L
N
, (3.20)
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Figure 2. This image shows how a circular system is flattened out into a 1-dimensional straight
one for large N . This approximation is useful since we can extend it into a higher dimensional
system. In this limit, we still have N number of subsystems, where N is very large.
where ∆L < L is the change in area with respect to the homogeneous mode and it is not
necessarily to be infinitesimal. Therefore, the HMEE is given by
M (1) =
Nc
9
{
log
(
L
pi
sin
(
pi
N
− ∆L
NL
))
+ log
(
L
pi
sin
(
pi
N
))
(3.21)
+ log
(
L
pi
sin
(
pi
N
+
∆L
NL
))}
=
Nc
9
log
[(
L
pi
)3
sin
(
pi
N
− ∆L
NL
)
sin
(
pi
N
)
sin
(
pi
N
+
∆L
NL
)]
. (3.22)
However, if ∆L/N is assumed to be very small and we ignore O((∆L/N)2) and higher,
we will have linear form that can be written as
M
(1)
lin. '
Nc
3
log
(
L
pi
sin
(
pi
N
))
=: M (0). (3.23)
This shows that M (1) is somehow immune to small perturbations and it reduces to the
homogeneous case M (0) due to the boundary condition in Eq. (3.11).
If we take the quadratic term into account, the HMEE will have an extra term and
can be written as
M
(1)
quad. '
Nc
9
log
[(
L
pi
)3
sin
(
pi
N
)(
sin2
(
pi
N
)
−
(
∆L
NL
)2)]
. (3.24)
This expression is somehow difficult to be written as M
(1)
quad. = M
(0) + δM (1) since it is still
trapped inside a logarithmic function.
Finally, we analyze how tiny perturbations affect the multipartite entanglement en-
tropy in large mode where j → jmax, i.e. N → 2jmax + 1, for some large number jmax.
In this limit, all areas Area(A
(N)
m ) are different. Assume that areas from A
(N)
1 to A
(N)
N−1
changes by δl
(N)
1 to δl
(N)
N−1 respectively and to fulfill the boundary condition, the area of
A
(N)
N needs to change by
∑N−1
i=1 −δl(N)i . Following previous formulation, it is important to
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make sure that δl
(j)
i ∝ O(1/N). The HMEE then becomes
M (N) =
N−1∑
m=1
c
3
log
(
L
pi
sin
(
pi(L/N + δl
(N)
m )
L
))
(3.25)
+
c
3
log
(
L
pi
sin
(
pi(L/N −∑N−1m=1 δl(N)m )
L
))
=
c
3
log
((
L
pi
)N
sin
(
pi(L/N −∑N−1m=1 δl(N)m )
L
)N−1∏
m=1
sin
(
pi(L/N + δl
(N)
m )
L
))
.
Unfortunately, this expression also reduces to the homogeneous mode with circum-
ference L if all of the quadratic and higher terms of the area perturbations are ignored.
It indicates that for j → jmax, the HMEE is also immune to infinitesimal perturbations.
From those findings, we may conclude that for small perturbations, the HMEE is only
determined by the CFT2 total size, L, and reduces to the homogeneous mode for all j.
3.4 Large N Straight Belt Approximation in AdSd+1/CFTd
In this section, we wish to compute the HMEE in a d-dimensional straight belt system of
a CFTd. As can be seen from Eq. (3.16), for a large system with N → ∞, i.e. L → ∞
to keep l
(0)
0 as a relatively small constant, we can approximate the compact CFTd system
with an infinite d-dimensional CFTd with straight belt subsystems A
(j)
1 ...A
(j)
N . In Poincare´
coordinate, the AdSd+1 metric associated with this system is given by
ds2AdSd+1 =
R2
z2
(
− dt2 + dz2 +
d−1∑
i=1
(dxi)
2
)
, (3.26)
where R is the AdSd+1 radius. The CFTd lives in the AdSd+1 boundary, denoted as
limz→0 ds2AdSd+1 = ds
2
CFTd
.
Now letA
(j)
1 , ..., A
(j)
N be disjoint regions in this geometry withA
(j)
i := {x|x1 ∈ [a(j)i , b(j)i ],
x2,3,...,d−1 ∈ [−L/2, L/2]}, where we still have l(j)i ≡ b(j)i − a(j)i . The holographic entan-
glement entropy for a subsystem A
(j)
i with respect to the rest in this system is given by
[2, 3]
S
A
(j)
i
=
1
4G
(d+1)
N
[
2Rd−1
d− 2
(
L

)d−2
− 2
d−1pi
(d−1)
2 Rd−1
d− 2
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1( L
l
(j)
i
)d−2]
, (3.27)
and hence the multipartite entanglement entropy is given by
M (j) =
N
4G
(d+1)
N
[
2Rd−1
d− 2
(
L

)d−2
− 2
d−1pi
d−1
2 Rd−1
(d− 2)(2j + 1)
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1 j∑
m=−j
(
L
l
(j)
m
)d−2]
.
(3.28)
Without any change in Area(A
(0)
0 ), the multipartite entanglement entropy for monopole
or homogeneous mode can be obtained from substituting l
(0)
0 = L/N into Eq. (3.28) and
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hence it can be written as
M (0) =
N
4G
(d+1)
N
[
2Rd−1
d− 2
(
L

)d−2
− 2
d−1pi
d−1
2 Rd−1
d− 2
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1(N)d−2]. (3.29)
This expression gives M (0) = NS
A
(0)
0
and indeed expressing the homogeneous mode.
For the dipole mode, using previous assumption for the area changes, we will have
M (1) =
N
4G
(d+1)
N
[
2Rd−1
d− 2
(
L

)d−2
− 2
d−1pi
d−1
2 Rd−1
3(d− 2)
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1( NL
L−∆L
)d−2
(3.30)
− 2
d−1pi
d−1
2 Rd−1
3(d− 2)
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1(N)d−2
− 2
d−1pi
d−1
2 Rd−1
3(d− 2)
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1( NL
L+ ∆L
)d−2]
.
From a straightforward Taylor expansion calculation and if we ignore the order of O(∆L2)
and higher, we can see that
M
(1)
lin. '
N
4G
(d+1)
N
[
2Rd−1
d− 2
(
L

)d−2
− 2
d−1pi
d−1
2 Rd−1
d− 2
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1(N)d−2] =: M (0).
(3.31)
Again, all of the ∆L terms are canceling with each other and it reduces to the homogeneous
mode.
However, if we take the quadratic term into account, we will have
M
(1)
quad. '
N
4G
(d+1)
N
[
2Rd−1
d− 2
(
L

)d−2
− 2
d−1pi
d−1
2 Rd−1
d− 2
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1 (3.32)
× (N)d−2
(
1− (d− 1)(d− 2)
3
(
∆L
L
)2)]
.
Now we can write the HMEE as a second order perturbation M
(1)
quad. = M
(0)+δM
(1)
quad. with
δM
(1)
quad. ≡
N
4G
(d+1)
N
(d− 1)2d−1pi d−12 Rd−1
3
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1(N)d−2(∆L
L
)2
, (3.33)
where the first-order term vanishes. This gives important insights that when j increases,
the HMEE also changes just like it is applied with some area perturbations that affect the
entanglement entropies. Even though it only appears after the quadratic term is included,
analysis of the linear perturbation is useful for this work.
Lastly, we investigate the HMEE for j → jmax in this system. Following the same
argument in AdS3/CFT2 example for the area perturbations, we will have the HMEE in a
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form of
M (N) =
N
4G
(d+1)
N
[
2Rd−1
d− 2
(
L

)d−2
− 2
d−1pi
d−1
2 Rd−1
N(d− 2)
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1 N−1∑
m=1
(
L
L/N + δl
(j)
m
)d−2
(3.34)
− 2
d−1pi
d−1
2 Rd−1
N(d− 2)
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1( L
L/N −∑N−1m=1 δl(j)m
)d−2]
,
and also reduces to M (0) if we ignore quadratic terms and higher.
A generalization to AdSd+1/CFTd calculation is important since in this limit, we may
write the entanglement entropy as a first order perturbation S
A
(j)
m
= S
A
(0)
0
+ δS
A
(j)
m
easily
with
δS
A
(j)
m
=
2d−1pi
d−1
2 Rd−1
4G
(d+1)
N
Ld−2
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))d−1δl(j)m , (3.35)
and we have the relation δS
A
(j)
m
∝ δl(j)m . Our boundary condition in Eq. (3.11) implies that
the distribution of δl
(j)
m , i.e. the distribution of δSA(j)m
, over m has to be symmetric and a
Gaussian distribution is a perfect match for this. As a consequence, we will always have
〈δl(j)m 〉 = 〈δSA(j)m 〉 = 0 where 〈.〉 denotes the averages over m,
〈δl(j)m 〉 ≡
1
2j + 1
j∑
m=−j
δl(j)m . (3.36)
One may assume that even though this expression is calculated for a straight belt
system, it will also apply for general systems satisfying a boundary condition in Eq. (3.11)
despite further investigations are needed.
4 HMEE for Spherical Symmetric Two-Point Correlation Functions
Imagine a 2-dimensional spherical surface in a particular constant time-slice. Suppose that
there is an area element dA in some direction denoted by a unit vector nˆ which currently
does not have any causal contact with the outside region of dA. However, the information
contained in a quantum state |ψ(nˆ)〉 inside the region dA might be initially entangled with
the rest. Therefore, we are able to associate an entanglement entropy to it, denoted with
S(nˆ), as the entanglement measure of |ψ(nˆ)〉.
Suppose that the entanglement entropy is distributed along a 2-dimensional spherical
surface of the Universe with average value over all direction is given by S ≡ 〈S(nˆ)〉 = S
A
(0)
0
.
If there are tiny fluctuations, i.e. the distribution of entanglement entropy of the Universe
is not completely homogeneous and isotropic throughout the surface, denoted as δS(nˆ) ≡
(S(nˆ)− S), it can be expressed as the sum of spherical harmonics functions
δS(nˆ) =
jmax∑
j=0
j∑
m=−j
aSjmYjm(nˆ), (4.1)
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where {aSjm} are the expansion coefficients for entanglement entropy fluctuations and
{Yjm(nˆ)} are the spherical harmonics functions. Hence, the average value of this func-
tion should be zero, i.e. 〈δS(nˆ)〉 = 0. Following this formulation, the HMEE will be used
to analyze this entanglement entropy fluctuation using first order perturbation.
In some literature, δS(nˆ) is called the renormalized entanglement entropy, such as in
[30], since it does not include any divergent term with O(1/). The reason why δS(nˆ) is
used instead of δSS (nˆ) is also arise from the first law of thermodynamics that is investigated
further in Sec. 5.
4.1 First Order Entropy Perturbation
Due to the previous assumption saying that there are tiny fluctuations of the entanglement
entropy distribution, it is virtuous to study the first order entropy perturbation. In the
linear order, the HMEE will have the form of
M (j) = NS
A
(0)
0
+
N
2j + 1
j∑
m=−j
δS
A
(j)
m
≡ NS
A
(0)
0
+N〈δS
A
(j)
m
〉. (4.2)
In other words, the change of the multipartite entanglement entropy is given by δM (j) =
N〈δS
A
(j)
m
〉 ∝ N〈δl(j)m 〉. Namely, our definition of the multipartite entanglement entropy is
just the statistical average of the entanglement entropy over m with some normalization
constant N .
However, due to the boundary condition imposed in Eq. (3.11), the average value of
entropy fluctuations will always be zero. Another approach is to take the root-mean-square
value, 〈δS
A
(j)
m
〉 ≡ 〈δS
A
(j)
m
〉RMS. If we assume that the distribution of δSA(j)m is Gaussian,
then the root-mean-square will be the standard deviation of the distribution, σ(j) ≡ C1/2j .
It is clear that from our definition of the multipartite entanglement entropy, we are able to
analyze first order perturbation of the entanglement entropy fluctuation statistically and
use it to explore more about two-point correlation functions which will be discussed next.
Since the spherical harmonics satisfy orthonormality condition
∫
YjmY
∗
j′m′d
2n = δjj′δmm′ ,
the inverse relation for Eq. (4.1) can be written as
aSjm =
∫
δS(nˆ)Y ∗jmd
2n. (4.3)
From the similarity of its statistical properties such as the distribution of aSjm should be
symmetric and hence the average over m is zero, i.e. 〈aSjm〉 = 0, and because from Eq.
(4.3) we have aSjm ∝ δS(nˆ), we may write
aSjm = δSA(j)m
. (4.4)
Nevertheless, the functions {ajm} are generally complex while the entanglement en-
tropy perturbation δS
A
(j)
m
is always real and positive. Since δS(nˆ) is a real function as well,
and Y ∗jm = (−)mYj,−m, we have aS∗jm = (−)maSj,−m and hence,
δS
A
(j)
m
= (−)mδS
A
(j)
−m
. (4.5)
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This condition, however, does not violates the total area boundary condition in Eq. (3.11),
as can be seen from the dipole mode example in Eqs. (3.18-3.20) that exactly matches Eq.
(4.5).
4.2 Statistical Interpretation for Two-Point Correlation Functions
Suppose that we want to know how a fluctuation of entanglement entropy δS(nˆ) in some
direction nˆ correlates with the other one in a different direction mˆ. The best way to do
that is to write the two-point correlation function of δS(nˆ) as
〈δS(nˆ)δS(mˆ)〉 =
jmax∑
j=0
(2j + 1)
4pi
〈|aSjm|2〉Pj(nˆ · mˆ) (4.6)
=
jmax∑
j=0
(2j + 1)
4pi
〈δS
A
(j)
m
δS
A
(j)
m
〉Pj(nˆ · mˆ),
where {Pj(nˆ · mˆ)} are the Legendre polynomials. In this point of view, one can obtain the
distribution variance as
〈δS
A
(j)
m
δS
A
(j)
m
〉 = σ(j)2 = Cj . (4.7)
An interesting result from this formulation is that we can analyze the distribution of
entanglement entropy fluctuations throughout the Universe, via the two-point correlation
functions, using the previously defined multipartite entanglement entropy. Also, in this
formulation, a divergent term with O(1/) that is contained in S
A
(0)
0
is not present.
The Universe is assumed to be statistically homogeneous and hence, the two-point
correlation functions of the entanglement entropy perturbation, now defined as
∆(nˆ, mˆ) ≡ 〈δS(nˆ)δS(mˆ)〉, (4.8)
will be a function of the separation distance r between nˆ and mˆ, where r ≡ |nˆ− mˆ|, only.
This means ∆(nˆ, mˆ) = ∆(r) and the power spectrum P(k) may be extracted using Fourier
transform of ∆(r),
P(k) = 2pi
∫ ∞
0
sin(kr)
kr
∆(r)r2dr, (4.9)
where the power spectrum P(k) is a function of a wave number k. This gives another alter-
native to analyze the two-point correlation function for entanglement entropy perturbation
analogous to the analysis of matter density inhomogeneities in the Universe.
If the distribution of entanglement entropy fluctuation 〈δS
A
(j)
m
〉 related to the one in
the CMB temperature anisotropy, then we can also conclude that the CMB temperature
distribution, either its homogeneity (when all j(s) vanishes except for homogeneous mode
j = 0) or inhomogeneity and anisotropy (when all other j 6= 0 are included) is affected
by quantum entanglement. Moreover, information about non-Gaussianity might also be
extracted from the distribution, nevertheless, that is beyond the scope of this study.
Before continuing to more detailed investigations about CMB sky, general expressions
for entanglement entropy via area perturbation due to the change of a metric in the bulk
space-time will be discussed.
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4.3 General Expressions for Area Perturbation
Previously, the change in area of a subsystem A, δArea(A), is investigated without both-
ering what kind of metric perturbation in the bulk causes it. Now we would like to present
a general expression of an area perturbation δArea(A) that gives rise to a change in the
holographic entanglement entropy
δSA =
δArea(ΓminA )
4G
(d+1)
N
, (4.10)
as a result of a metric perturbation in AdSd+1 bulk space-time.
In this section, we will follow similar calculation for area variation done in [28]. Suppose
that there is a (d+1)-dimensional anti de Sitter space-time AdSd+1 with an unperturbed
metric gMN (x), where M,N = 0, 1, ..., d. Since we want to measure the entanglement
entropy, then we need to investigate how Area(ΓminA ) change if the metric gMN is perturbed.
Suppose that hab(ζ), with a, b = 0, 1, ..., d−1, is an induced metric in the bulk that is defined
as
hab = gMN∂ax
M∂bx
N , (4.11)
where ∂a ≡ ∂∂ζa and h ≡ det(hab). Hence, the area of ΓA can be expressed as
Area(ΓA) =
∫
dd−1ζ
√
h. (4.12)
To determine its minimum area, Area(ΓA) needs to be varied. However, it is shown in
[28] that in order to get the geodesic, hab needs to satisfy a so-called Gauss equation,
∂a(
√
hhab∂bx
M ) +
√
hhabΓMNK∂ax
N∂bx
K = 0, (4.13)
where ΓMNK is the Christoffel symbol for the metric gMN . Equipped with an induced metric
hab that satisfies Eq. (4.13), an arbitrary Area(ΓA) becomes the geodesic, Area(Γ
min
A ).
At last, we arrive in formulating δArea(ΓminA ), or the change of minimum area due
to external metric perturbation in the bulk. Suppose that now the total variation of the
metric gMN come from both trajectory and external variation,
δgMN =
∂gMN
∂xK
δxK + g
(1)
MN . (4.14)
The minimum area variation is then given by
δArea(ΓminA ) =
1
2
∫
dd−1ζ
√
hhab(g
(1)
MN∂ax
M∂bx
N ), (4.15)
and hence,
δSA =
1
8G
(d+1)
N
∫
dd−1ζ
√
hhab(g
(1)
MN∂ax
M∂bx
N ). (4.16)
Usually, the metric perturbation comes from the existence of a black hole in the bulk
and it directly affects ΓA. This prescription also means that the system is now excited.
However, in this work, we view that the change in the area of A affects the change in the
entanglement entropy via δArea(ΓminA ) in response to a metric perturbation in the bulk.
Although it is not known yet what causes the perturbation of gMN , in general, it does not
have to be a black hole in the bulk; it can be any arbitrary gravitational perturbation.
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5 Two-Point Correlation Functions for CMB Anisotropy Analysis
The analysis of two-point correlation functions for CMB temperature distribution is one of
the most important studies in cosmology. In this section, we examine how the two-point
correlation functions of the entanglement entropy perturbation can be used to analyze the
CMB temperature fluctuations δTT (nˆ) ≡ T (nˆ)−TT , where T ≡ 〈T (nˆ)〉 is the average over all
space. To relate temperature and entropy fluctuations, TdS equation is used as the first
law of entanglement thermodynamics.
5.1 TdS Equation From the First Law of Entanglement Thermodynamics
It has been shown (see, for example, [28–32, 34]) that entanglement entropy provides some
relations that is analogous to thermodynamics, or it is called ”entanglement thermody-
namics” in [32, 33] (see also [26, 27]). Following those prescriptions, relation between
the change of entropy δS and temperature fluctuation δT may rise from the first law of
thermodynamics via TdS equation,
δS = CV
δT
T
+KT δV
T
, (5.1)
where CV is the heat capacity at constant volume, and K is some constant that depends
on the system. The second term is a change of volume in CFTd, i.e. the area variation in
AdSd+1. It is proportional to L
d−2δl and hence also satisfy δV ∝ δS. We may absorb the
proportionality constant into K and write the equation in the form of
δS = CV δT
T
, (5.2)
where CV is a new constant that depends on CV , K, and dimension. The temperature T
should be called the entanglement temperature and CV should be defined as the entangle-
ment heat capacity.
5.2 Two-Point Correlation Function of Temperature Fluctuation
The relation between δS(nˆ) and δTT (nˆ) has been investigated and now we proceed to con-
struct a two-point correlation function for δTT (nˆ). The two-point correlation function for
two different directions nˆ and mˆ is then〈
δT
T
(nˆ)
δT
T
(mˆ)
〉
∝ 〈δS(nˆ)δS(mˆ)〉 (5.3)
∝
jmax∑
j=0
(2j + 1)
4pi
〈δS
A
(j)
m
δS
A
(j)
m
〉Pj(nˆ · mˆ),
where the proportionality constant is just CV−2 in the right hand side. We have to relate δS
with δTT since the available data for CMB analysis is in the form of temperature fluctuations.
From the previous analysis, we are able to compute the temperature two-point function
from the distribution variance Cj of entanglement entropy fluctuations.
For example, in the dipole mode with j = 1, using Eq. (4.7) we have
C1 =
2
3
δS2
A
(1)
1
. (5.4)
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The variance C1 only depends on one entropy perturbation, δSA(1)1
. In a d-dimensional
straight-belt system language, the dipole variance can be written as
C1 =
22d−3
3G
(d+1)
N
pid−1R2(d−1)L2d−4
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))2(d−1)(δl(1)1 )2. (5.5)
If we take δl
(1)
1 = ∆L/N and l
(0)
0 = L/N , we have
C1 =
22d−3
3G
(d+1)
N
pid−1R2(d−1)L2d−6(l(0)0 )
2
(Γ( d2(d−1))
Γ
(
1
2(d−1)
))2(d−1)(∆L)2. (5.6)
Since L is taken to approach infinity, if d < 3, C1 is suppressed by the factor of
1
L6−2d
and hence it will infinitesimally small and conversely, C1 diverges if d > 3 since it will be
enhanced by the factor of L2d−6. Therefore, the good choice for the dimension is d = 3
and besides, it is the most suitable number for our use since we investigate distributions
on a 2-dimensional surface. After taking d = 3, we have
C1 =
8pi2R4
3G
(3)
N
(
Γ
(
3
4
)
Γ
(
1
4
))4(l(0)0 )2(∆L)2. (5.7)
From Eq. (5.7), it can be concluded that the dipole mode C1 in d = 3 depends on two
parameters: l
(0)
0 and ∆L. However, we may correlate l
(0)
0 with the average temperature of
CMB and hence the degree of freedom is reduced by one. Another point to be remarked
is that the choice of the dimension d is quite arbitrary since it only depends on how the
state |ψ〉(j) stores its information.
5.3 Distribution of entangling surface that matches the CMB data
Up to this point, we have shown that geometric entanglement between subsystems in the
early universe may be responsible for the correlation of two space-like separated points.
We have found that the first-order hologrophic entanglement entropy (d = 3) is propor-
tional to the length L of the subsystems. Thus, the anisotropy of CMB power spectrum,
which represents the seeds of galaxies, is directly related to variation of L. We match the
distribution of ∆L to satisfy the actual CMB last scattering surface using the Legendre
transform in polar coordinates.
Figure 3 depicts the polar distribution of 〈δS〉RMSCV ∝ ∆L for N = 105 subsystems
and their length histogram. In fig. 3(a), the leading peak at θ = 0 corresponds to low
j = 2−30 and the dominant spikes correspond to the first peak of CMB at around j = 200
(responsible to the flatness of the universe). The overall noisy profile comes from the
acoustic oscillation of high j > 200. The profile of the length distribution of ∆L in fig.
3(b) deviates from Gaussian as the mean is located at about 0.0011∆Lmax. Note that the
distribution is very sharp; the variance is less than 0.1% of ∆Lmax. The relation between
∆L to visible and dark matter compositions needs further investigations.
Note that in applying our formalism to CMB data, we have interpreted the entangle-
ment entropy as a thermal entropy via the entanglement temperature. The consequence
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Figure 3. (a) Polar distribution of entanglement entropy of N = 105 subsystems in the CMB
sky according to PLANCK 2018 temperature fluctuation data (binned) [43]. The RMS entropy
is proportional to entangling surface variation, 〈δS〉RMSCV ∝ ∆L. (b) Histogram distribution of the
entangling surface from (a), normalized with respect to its maximum value. The corresponding
average is at ∆L = 0.0011∆Lmax.
of this implicit assumption is that the low-energy degrees of freedom in the Hamiltonian
are responsible for the long-range entanglement in and near the ground state. This as-
sumption is justified because there is a connection between entanglement entropy and
thermal entropy in gapless systems whose low-energy physics is described by CFT [26].
This also implies that the entanglement entropy of a local quantum system is at most of
order log(L), although further clarification is needed. Nevertheless, from an observational-
ist (pragmatic) view, quantum and classical correlations are indistinguishable. Interactions
with other degree of freedom would induce quantum-to-classical transition due to environ-
mental decoherence, in a sense that the system can be entangled with its environment
even without direct interaction. Non-linear effect in cosmology might induce large CMB
non-Gaussianity in this context [22]. Combined with our findings, this may open a new
perspective in the quantum aspects of cosmology.
6 Conclusions and Discussions
In this paper we analyze a primordial highly-entangled quantum memory state, |ψ〉(j), as a
complicated superposition of a Fock space coming from the holographic jumps mechanism
suggested by Gia Dvali. The entanglement entropy, i.e. von Newmann entropy is used to
extract the entanglement measure of the quantum memory state. The holographic entan-
glement entropy or the Ryu-Takayanagi prescription is used to calculate the entanglement
measure of a subsystem A with respect to the rest, Ac. Since it is an N-body quantum
system, we define the holographic multipartite entanglement entropy for the entanglement
measure of |ψ〉(j). Some explicit calculations of the holographic multipartite entanglement
entropy is presented in AdS3/CFT2 and AdSd+1/CFTd systems.
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We found that the holographic multipartite entanglement entropy always reduces to
the homogeneous mode (j = 0) for the first-order entropy perturbation. This happen since
we demand the total area of a compact CFTd system is identical for all j-modes. As a
consequence, the distribution of the entropy perturbation, 〈δS〉, needs to be symmetric and
hence a Gaussian distribution is a perfect match. We also found that, in the large N limit,
the first-order entropy perturbation is proportional to the change of the subsystem size, i.e.
δS ∝ δl, and therefore the distribution of the entangling region size is also Gaussian. Using
the entanglement thermodynamics formulation and TdS equation, we also found that the
change of entanglement entropy is proportional to the change of entanglement temperature
with a proportionality constant, CV , called the entanglement heat capacity.
Using these findings, we analyze the temperature distribution of the cosmic microwave
background (CMB) sky. We construct the two-point correlation function of δS and con-
nect it to the temperature fluctuations of CMB via entanglement thermodynamics. We
also choose d = 3 which means that we are analyzing information that is spread out on
a 2-dimensional spatial surface. In this prescription, we interpret the distribution of the
entangling region size as the distribution of temperature fluctuations in the CMB sky. We
obtain the distribution of the entanglement entropy, by matching them with the Planck
2018 CMB data, in Fig. 3. This entropy method for analyzing CMB anisotropy also coin-
cides with [16, 17] that used the Wehrl entropy as the measure of deviation from classicality.
We conclude that entanglement, via holographic entanglement entropy as the entanglement
measure of highly-entangled primordial quantum memory states, might play a role in the
analysis of CMB and this may open a new perspective in the quantum aspects of cosmol-
ogy.
There are several other interesting features of this work that might lead us to the future
vast area of research. Since, in the holographic prescription, the change of entanglement
entropy means geometric perturbation, the distribution of δS might come from various ar-
bitrary sources such as the existence of black holes or gravitational waves. The analysis of
a deviation from Gaussian statistics of the δS distribution also lights some insight into the
role of entanglement in analyzing primordial non-Gaussianities. This insight might come
from either changing the total CFTd size Area(L) to be unique for some value(s) of j or the
possibility of ρ
A
(j)
1 ...A
(j)
N
being an initially mixed state. The latter shows that calculation
with holographic entanglement of purification (and its multipartite counterpart) is needed.
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